Field strength for graded Yang-Mills theory 



K. Ilyenko* 

Institute for Radiophysics and Electronics, NAS of Ukraine, 
12 Ak. Proskura Street, Kharkiv - 61085, Ukraine 
(Dated: 23 July 2003) 

The field strength is defined for osp (2/1; C) non-degenerate graded Lie algebra. We show that a 
pair of Grassman-odd scalar fields find their place as a constituent part of the graded gauge poten- 
tial on the equal footing with an ordinary (Grassman-even) one-form taking values in the proper 
Lie subalgebra, su(2), of the graded Lie algebra. Some possibilities of constructing a meaningful 
variational principle are discussed. 

PACS numbers: ll.10.Ef, 11.15.-q 



INTRODUCTION 



III. GAUGE POTENTIAL 
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As well-known the number of gauge bosons of a theory 
is given by the number of generators of the correspond- 
ing gauge Lie algebra. The requirement of being a Lie 
algebra stems from the reality of the action functional 
which follows from the properties of the Fermat principle 
in optics and the Feynman path integral. In particular, 
this leads to physically admissible evolution of a system 
with such an action functional. Nevertheless, no one is 
restricted from looking for not necessarily of Lie-type al- 
gebras as the gauge algebras provided they are physically 
meaningful. 



II. GRADING IN GAUGE ALGEBRA 

Such an algebra is advocated in the current contribu- 
tion. This is a graded extension of su(2) gauge algebra 
by a pair of odd generators, ta, which anticommute with 
one another and commute with the three even genera- 
tors, T a , of su(2). We use the square brackets to denote 
both commutation and anticommutation operations of 
the generators with understanding of their proper usage. 
The defining relations have the form, 0, 0, \ 



[T a ,T b ] = ie a bcTc, [T a ,Tji\ — \{c t o,)a Bt B: 
[ta,t b ] = ^{a a ) AB T a . 



(1) 



Lowercase Roman indices run from 1 to 3; uppercase Ro- 
man indices run over 1, 2; (a a )AB = {u a )A Ce CB; £abc 
(£123 = 1) and cab (ei2 = 1) are the Levi-Civita totally 
antisymmetric symbols in three and two dimensions; the 
Pauli matrices (<x a ) A s and cab are given by 



The non-degenerate super Killing form, B(T a ,Tp) 
defined by 



B{T a> T ) = -stx(T a Tp) 



Sab 








itAB 



(2) 



where the supertrace operation is adopted from £J and 
the Greek indices from the beginning of the alphabet 
run over the whole set of the graded Lie algebra gener- 
ators. It turns out that all of the generators are grade 
star Hermitian: on the even ones being just Hermitian 
in an ordinary sense while the odd generators obey more 
complicated relations (cf. [E El)- We assign a degree, 
degT Q , to the even and 1 to the odd generators. 



Given an su(N) Lie algebra one defines a gauge po- 
tential, which takes values in the algebra, by introduc- 
ing (N 2 — 1) x n one-forms A a ^(x)dx^ , n being the di- 
mension of space-time, and transvecting them with the 
algebra generators T a . Note that from the present stand- 
point we have a composite object of the degree (0,1), the 
first position shows that generator T a is, by definition, an 
even element of the Lie algebra and the second position 
exhibits that A^(x)dx fl is a one- form in the algebra of 
exterior differential forms on space-time. This has a sug- 
gestive generalization to the case when one also has the 
degree 1 odd part of a graded Lie algebra: (s)he needs 
to construct the homogeneous compliment of the expres- 
sion above, namely, the element of degree (1,0). It has 
the form ta ^ A {x) and must be added to the element of 
degree (0,1) to form the complete graded gauge potential 



A{x) = T a A a ^(x)dx» + t a $- 
homogeneous = even <g> odd + odd ® 



\x) (3) 



Here <P A (x) are zero-forms on space-time. Thus one 
obtains a proper element A(x) = T a A a (x) [A a (x) = 
(A^dx^, <£ A )] of the total degree one in the direct prod- 
uct of two graded algebras (cf., 0, Eq. (2.45)] and 0, 
p. 629]). 



IV. GRADED FIELD STRENGTH 

The graded field strength, F(x), is defined by means 
of taking the exterior derivative of the graded gauge po- 
tential, A{x), and adding its wedge product with itself, 
A(x) A A(x) multiplied by the interaction constant: 



T{x) = dA{x) + (ig/2)A(x) A A(x). 



(4) 



Now we shall clarify the meaning of both operations. The 
first term on the right-hand side of JIJ is given by 



dA(x) = -T a [dMx) 



d„A£(aO]dar" Adx u 
T A d$ A (x). 



(5) 



The second term on the right-hand side of @ needs more 
explanations. First, as in the case with Yang-Mills the- 
ory, one defines the wedge product for algebra valued 
forms A(x). Second, we have to deal with the odd part of 
graded Lie algebra and zero-forms involved in the graded 



gauge potential. Thus we define, (cf., 0, Eq. (2.45)] and 
S P- 632]), 

.4 A *4 = {T a ®A a )f\(T p ®A p ) (6) 

_ ^degA-degr, [Tqj g A ^ 

where [T a , Tjg] is a commutator if at least one of the 
graded Lie algebra generators T a is even and an anti- 
commutator otherwise and degA a means the degree in 
the exterior algebra of differential forms on space-time. 
One can easily see that this straight generalization is bi- 
linear, goes into the usual Yang-Mills result for ordinary 
Lie algebras and makes possible the graded Jacobi iden- 
tity for the direct product of two graded algebras: the 
exterior and matrix ones. 

Finally, we unite JSJ) and © in one expression: 

^ = ^T a [F^dx^ A dx v + (a a ) AB <P A $ B ] + T A <p A , (7) 
where we has denoted 

^(x) = d$ A (x) + ^(a a ) B A $ B (x)A;(x)dx^ (8) 

and F« tf (x) = dMx) - d u A«(x) - ge abc Al(x)A c u (x) is 
just the usual Yang-Mills field strength. We intend to 
preserve the grading of the gauge potential in the expres- 
sion for the field strength. The second summand in J2J 
is of the degree (1,1), the expression T a F^ v dx^ A dx v is 
of the degree (0,2), while the expression T a (<r a )AB $ A @ B 
being of the degree (0,0) falls out of this pattern. Al- 
lowing for the symmetric property of the Pauli matrices 
= (f a )sA, we shall assume that the functions 
$ A (x) are the Grassman-odd quantities, which obey the 
anticommutation relation <p A <p B = - <p B <p A . Then, 
equation Q takes the form 

F = ^T a F^dx" A dx» + T A cp A . (9) 

Thus, we have built a homogeneous expression for the 
graded field strength of the total degree two, as expected. 



V. DISCUSSION AND OUTLOOK 

The very possibility of defining the graded potential 
and field strength opens up a number of further ques- 
tions. Firstly, a problem of graded gauge invariance 
arises. We hope that existing in the literature (see, 
e.g. introduction of Grassman-odd transformation 
parameters for odd generators of the graded Lie alge- 
bra could provide appropriate solution to this problem. 
Secondly, as mentioned at the beginning of the current 
contribution, one is interested in a definition of a real- 
valued Lagrangian density. This would lead to physically 
acceptable Euler-Lagrange equations. In particular, we 
are going to consider an invariant with respect to the 
graded Lie algebra automorphisms expression 

S = J str(J" A *T) (10) 

as the relevant action functional and explore the corre- 
sponding equations of motion. 
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HanpjKKeHHOCTB nojiH pjin rpa,aynpoBaHHOH 
TeopHH ilHra-MnjiJica 

Onpe^ejiHGTCH rpa/ryHpoBaHHaa HanpiDKCHHOCTb noun 
fljiH osp(2/l; C) HeBbiposi^CHHoii KajraSpoBO^Hoii ajireS- 
pti. IloKa3aHO, mto napa He^eTHBix rpaccMaHOBbix no- 
jiefi mojkbt HBJi.HTBCii cocTaBHoit MacTBK) rpa,nyHpoBaHHO- 
ro 4-noTCHmiajia KajmSpoBOMHoro nojiH HapaBHe c o6bi- 
mhoh (rpaccMaHOBO qeTHoS) o^he-()iopmoh npHHHMaioincH 
3HaMGHHH b MaKCHManBHoft coSctbchhoh su (2)-no,najire6pe 
Jin rpaaynpoBaHHOH ajireSpbi osp (2/1; C). 06cy>K,naiOT- 

CH HeKOTOpbie B03M05KHOCTH nOCTpOeHHil Ha 3TOH OCHOB6 

4)H3HMecKn npncMJieMoro BapnairHOHHoro npHHin/ina. 
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